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Numerical Study of Fuel Mixing Enhancement
Using an Oblique Shock/Vortex Interaction

Ashish Nedungadi¤ and Mark J. Lewis†

University of Maryland, College Park, Maryland 20742-3015

The effects of swirl and jet-to-freestream pressure ratio on the mixing performance of a swirling helium jet
interacting with an oblique shock are investigated. The three-dimensional parabolized Navier–Stokes equations
are solved to simulate theparallel injectionof a swirling heliumjet atMach 3 intoa co� owing stream ofair atMach4.
The effects of swirl and jet-to-freestream pressure ratios on the mixing performance are studied by considering
various strengths for the swirling jet and various jet exit pressures, respectively. The mixing performance is based
on several parameters that include the maximum helium mass fraction decay, the fraction of total helium mass
� ux present at various concentrations, and the total entropy rise. It is shown that the fraction of total helium mass
� ux that is present at cHe · 0.05 increases from 8 to 16% and that the point at which pure helium ceases to exist
occurs farther upstream with the addition of swirl. Furthermore, it is shown that the jet with the lower pressure
and momentum provides better mixing performance than the higher pressure jet.

Nomenclature
A = area of jet, m2

cHe = helium mass fraction
E = enstrophy, m2/s2

M = Mach number
Çm = mass � ow, kg/s
p̄ = nondimensionalpressure, p / p 1
R j = radius of injected jet, m
S = swirl number, C 0 / V j rc

V̄ = nondimensionalvelocity, V / V1
X̄ , Ȳ , Z̄ = nondimensional coordinates, [XY Z ]/ R j

C 0 = circulation, m2/s
q = density, kg/m3

s = Vh ,max / V j

Subscripts

i = species
j = jet conditions
x = streamwise component
1 = freestream conditions

Introduction

A CANDIDATE propulsion system for a hypersonic vehicle de-
signed for � ight Mach numbers in excess of six will likely

be the supersonic combustion ramjet (scramjet). One of the major
problems that plagues the design of scramjet engines is achieving
successful mixing and burning of the fuel in the combustor in su-
personic � ow. Typical combustor Mach numbers in these types of
engines will be between 2 and 8, depending on the � ight Mach
number. Consequently, the time available in which the fuel, most
likely hydrogenabove Mach 8, must be injected,mixed, and burned
is only on the order of a few milliseconds. To complicate matters
further, as the combustor Mach number increases, the level of mix-
ing through natural convective and diffusive processes decreases.1

Because the ef� ciency of the combustion of hydrogen and air is
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highly dependent on the level to which they are mixed, it is clear
that the mixing of the two streams must be achieved as rapidly as
possible.

Several injection strategies, including normal injection, parallel
injection,and angled injectionhave been considered.Normal injec-
tion can provide rapid mixing, but is accompanied by high total-
pressure losses and does not provide any thrust from the fuel jet
momentum. Parallel injection, on the other hand, minimizes the
stagnation pressure losses and has the added advantage of provid-
ing additional thrust from the fuel. The major disadvantage of un-
enhanced parallel injection is that it suffers from slow mixing layer
growth. In fact,both theoreticalandexperimentalresearchby several
authors2,3 has shown up to a fourfold decrease in the spreading rate
of a supersonic mixing layer with increasing Mach number when
compared to an incompressiblemixing layer. These studies con� rm
that it is very dif� cult to achievehigh levelsofmixingbetweenparal-
lel supersonic streams without some form of enhancement.Several
techniques have been, and continue to be, investigated to enhance
this slow mixing associated with parallel injection. The combina-
tion of two general classes of mixing enhancement schemes, the
applicationof swirl to the fuel jet and shock-inducedvorticity, form
the basis for the current study.

Based on studies performed at subsonic and transonic speeds,
Swithenbank and Chigier4 postulated that substantial increases in
mixing rates could be realized by injecting the fuel jet with swirl.
Several experimental studies5 ¡ 9 have demonstrated that a substan-
tial increase in mixing rate, mixing layer growth, jet plume area,
and mixing ef� ciency is obtained by parallel or angled injection
of a swirling fuel jet into a supersonic stream of air. Naughton
and Settles6 and Cutler et al.8 offer the possibility that the gen-
eration of turbulence associated with vortex breakdown provides
a mechanism for the mixing enhancement. Vortex breakdown, ob-
served in supersonic � ow as a result of a vortex interacting with
either a normal10 or an oblique shock11,12 is characterized by an
abrupt expansion of the vortex core, the generation of a reversed
� ow region, and a stagnation point on the axis of the vortex. In a
supersoniccombustor, the breakdown-inducedreversed � ow region
could serve as a � ame holder with the added advantageof being lo-
cated away from the walls and, thus, alleviatingproblems with high
heating.

A class of injectors designed to augment mixing by the intersec-
tion of a fuel jet with an oblique shock was proposed and studiedby
Marble et al.13,14 and Waitz et al.15 The underlying principle of this
design is to generate a strong streamwise component of vorticity,
also called baroclinic vorticity, at the interface of the low-density
fuel and high-density air by the pressure gradient of the oblique
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shock. Vorticity is deposited at every point where the density and
pressure gradients are misaligned, as the shock passes through the
jet. The oppositelydirected vorticity tears the fuel jet apart into two
counter-rotatingvortices,whose sense is such that the fuel migrates
in the direction of the shock. The induced vorticity provides a sig-
ni� cant amount of mixing enhancement, and the rate of change of
vorticity x is given by

q
D

Dt

x

q
=

1
q 2

r p £ r q (1)

Shock impingementproduceda noticeable increase in fuel/air in-
terfacial area, resulting in improved mixing. In addition, excellent
penetration of the fuel into the mainstream has also been reported,
with the fuel jet completely lifting off the wall within one injector
height for some cases.15 Drummond1 performed numerical calcula-
tions on fuel/air mixing and the combustion of a circular hydrogen
jet and a parallel co� owing stream of air enhanced by an oblique
shock and reporteda signi� cant increase in mixing and combustion
ef� ciency for the shock-enhancedcase. It was further observed that
the heat release from the chemical reactions was effective in break-
ing down the stable hydrogen vortex pair that provided additional
mixing and combustion.

PreviousnumericalcalculationsbyNedungadiandLewis12 inves-
tigated the interactionof a streamwise vortex with an oblique shock
in air, to study the fundamental aspects of oblique shock/vortex in-
teractions(OSVI)and to explorethe � ow� eldpropertiesin detailnot
available through experiment. It was found that, depending on the
conditions of the vortex, the OSVI resulted in a signi� cant redistri-
bution of vorticitythat couldpossiblybe used to enhancesupersonic
mixing. In the present study, the streamwise air vortex is replaced
with a swirling helium jet, to model low-density hydrogen, and is
allowed to interactwith an oblique shock. The objective is to inves-
tigate, in a nonreacting� ow, the degree of mixing enhancement that
can be achieved when the low-density fuel jet is injected with swirl
and allowed to interact with an oblique shock. Figure 1 presents a
schematic of this � ow� eld showing the physical and computational
coordinate systems that are used. The helium jet, modeled as a vor-
tex, is injected at Mach 3, parallel to a co� owing stream of air at
Mach 4, and is allowed to interact with and pass through an oblique
shock generated by a two-dimensionalwedge of angle h s = 20 deg.
Three differentvortex strengthsare used to study the effects of swirl
on mixingenhancement,and the resultsare comparedto thebaseline
case involving a jet with no swirl. Table 1 lists the cases considered
and the vortex properties of the swirling jets. In Table 1, S and s are
parameters used to characterize the strength of the vortex in terms
of nondimensionalquantities.

An important parameter in evaluating the mixing performanceof
injectors is the jet-to-freestreampressure ratio. For example, a given

Fig. 1 Flow� eld schematic of OSVI showing physical and computa-
tional coordinate systems.

Table 1 Test matrix and other properties

Case C 0 , m2 /s rc P̄j,axis V̄ j,axis S s

1 0.0 —— 1.0 1.2 0 0
2 0.801 3.05 0.7 1.1 0.164 0.117
3 0.856 3.30 0.8 1.1 0.162 0.115
4 1.457 3.56 0.5 1.1 0.256 0.182

Table 2 Injectant and freestream properties

R j , Çm j , Çm 1 ,
Case P̄ mm kg/s kg/s q

5 1.0 9.00 0.228 13.35 0.628
6 0.5 12.49 0.226 12.92 0.325
7 2.0 6.78 0.227 13.53 1.086

fuel mass � ux can either be injected through small injectors at high
pressure or through large nozzles at low pressure.For normal or an-
gled injectionfroma combustorwall,a high-pressurejet is necessary
to penetrate the thick boundary layer. In fact, when investigatingthe
angled injection of helium at 15 and 30 deg, it was reported that the
mixing performance increased as the jet/freestream pressure ratio
was increased.16 On the other hand,Waitz et al.,15 in their analysisof
parallel injection of helium through a contoured wall injector, con-
cluded that an injectant/freestream pressure ratio of less than one
provided the most effective mixing performance.Clearly, the better
mixing performance achieved by lower pressure, lower momentum
jets will have to weighed against two issues: � rst, a larger injector
required for given fuel mass � ux and, second, less thrust available
from the lower momentum jets. The second objective of this work
is to investigate the effects of jet-to-freestreampressure ratio P̄ on
the mixing performance. Table 2 lists the properties of the jet and
the freestream of the cases considered in this work. The baseline
case P̄ =1.0 has an injector radius R j,1 =0.009 m. To maintain
the same injectant mass � ow, R j,2 ¼

p
(2)R j,1 , whereas R j, 3 ¼

R j, 1 /
p

2.
The freestream pressure of both the jet and air are taken to be

1 atm, whereas the freestream density of the air and jet are 1.277
and 0.593 kg/m3 , respectively. At these conditions, the jet and air
velocities are calculated to be 1600 and 1333 m/s, respectively.
The radius of the helium jet R j =0.009 m, and the wedge angle
h s =20 deg. The values of rc for each of the vortices, M 1 , M j ,
and R j correspondedto the values used by Naughton et al.7 in their
experimental work involving the parallel injection of helium into
air without the interaction with a shock. The values of C 0 used in
the current study are chosen to match the vortex strengths of the
experimental work as closely as possible.

The evaluationof the mixing performanceof each of these cases
is based on several parameters that include the decay of maximum
helium mass fraction, the fraction of injector area occupied by the
heliumjet at cHe ¸ 0.95, the fractionof totalheliummass � ux present
at various mass fractions, an integral measure of the change in vor-
ticity, termed enstrophy, and the rise in total entropy as well as that
due to mixing. A detailed explanation and the signi� cance of these
parameters is deferred to the Results section.

Numerical Technique
The laminar, parabolized Navier–Stokes (PNS) equations are

used as the governing set of equations. The PNS equations can
be used satisfactorily in this case because the core inviscid � ow
is supersonic everywhere in the domain and there is no stream-
wise � ow separation. In addition, it is assumed that the stream-
wise viscous and energy diffusion terms are negligible compared to
those in the transverse direction. In comparison to the full Navier–
Stokes (NS) equations, the PNS equations offer great savings in
computational time, as well as decreased memory requirements.
The parabolic–hyperbolic nature of the equations allows the space
marching of the solution in the streamwise direction.
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Table 3 Size and minimum grid spacing for the computational grids

Size D X , D Y = D Z , No. of points No. of points
Designation (i dim £ j dim £ k dim) m m in vortex core in fuel jet

Fine 121 £ 121 £ 201 1.35 £ 10 ¡ 3 3.95 £ 10 ¡ 4 19 49
Medium 91 £ 91 £ 151 1.80 £ 10 ¡ 3 5.09 £ 10 ¡ 4 15 37
Coarse 61 £ 61 £ 101 2.70 £ 10 ¡ 3 7.90 £ 10 ¡ 4 10 25

Numerical solutions of the PNS equations are obtained using
GASP 3.0 (Ref. 17). GASP solves the three-dimensional integral
form of the time-dependent,Reynolds averaged NS (RANS) equa-
tions, as well as the subsets of the RANS equations including the
PNS and Euler equations,and is formulatedas a cell-centered,� nite
volume, upwind-biased code.

The inviscid � ux vectors at the cell centers are calculated using
Van Leer’s � ux vector splitting with second-order accuracy imple-
mented in the cross� ow and streamwise directions. In regions with
large gradients, for example, near shocks, it is necessary to perform
some limiting of the higher-order corrections to maintain stability
and reduce spurious oscillations in the solutions.To this end, Roe’s
Superbee limiter was used in the present investigation because it
provides the least amount of numerical oscillationsnear the shocks
and minimizes the diffusion of the

Second-order central differencing is employed in calculating the
gradients in the viscous � ux terms. The coef� cients of laminar vis-
cosity l li and thermalconductivitykli for each individualspeciesare
calculated using Sutherland’s law. The corresponding mixture val-
ues are obtainedusingWilke’s semi-empiricalrule. Finally, the lam-
inar diffusion coef� cient Dl is calculated as q Dl = l l / Scl , where
Scl is the laminar Schmidt number chosen to be 0.7. The diffu-
sion coef� cient are assumed to be the same for all species. In the
present investigation, the � ow and the mixing process are assumed
to be laminar. Although the use of a turbulence model would pro-
duce results that might be closer to reality, the qualitative trends of
this study are not expected to change with a laminar � ow assump-
tion. The goal is to explore, at least as a lower bound, a potential
mechanism for mixing enhancement. From a practical standpoint,
because turbulence would introduce more uncertainties than useful
results and because it would have greatly increased CPU require-
ments and, thus, severely restrict the number of parametric cases
run, only laminar � ow cases are considered.

An implicit two-factor approximate factorization is also utilized,
and the Courant–Friedrichs–Lewy number is linearly ramped from
a valueof 1 to 10 to accelerate the convergence.The solutionin each
plane is considered to be convergedwhen the residual decreasedby
at least six orders of magnitude, where the residual is essentially a
summation of the � ux contributions in each of the directions. Each
cross� ow plane typically required15–20 iterations to convergewith
a complete solution requiringapproximately75–85 min on a CRAY
J-90.

The GASP code has been used extensively to simulate super-
sonic mixing and nonmixing � ows. Sekar18 modeled the air-to-air
mixing of a Mach 2 freestream with a normal and parallel injected
jet at Mach 1.4 and 1.7, respectively. Sekar compared numerical
calculationsusing the Baldwin–Lomax and k ¡ ² turbulencemodels
with experimental data. The numerical solution correctly predicted
the essential features of both � ow� elds. However, both turbulence
models had signi� cant dif� culty in predicting the eddy viscosity
patterns and far-� eld maximum injectant decay. Srinivasan et al.19

modeled the normal injection of air into air, 15 deg injection of He
into air, and 30-deg injectionof H2 into N2 and air using GASP with
a Baldwin–Lomax turbulencemodel and seven species, seven reac-
tionchemistrymodel.Their numerical resultscomparedverywell to
experimental planar laser-induced iodine � uorescence images data
of species concentrations.Nedungadi20 modeled the interactionof a
supersonic streamwise vortex with an oblique shock and compared
it to the experimentaldata of Smart and Kalkhoran.11 The numerical
results showed close agreement to the experiment in terms of sur-
face pressure measurements, as well as to qualitative shadowgraph
images.

Computational Grid
A three-dimensional,semi-adapted, algebraic grid is used in this

study. The computational mesh was obtained � rst, by generating a
two-dimensionalsemi-adaptedgrid in the X – Z plane that was then
distributed in the Y direction using a stretching function such that
the grid pointsare clusteredaround the fuel jet. The grid in the X – Z
plane is clustered in the Y directionalong an approximate trajectory
of the fuel jet.

The effects of grid resolution are studied using three computa-
tional grids designated coarse, medium, and � ne. The dimensions
of the three grids may be found in Table 3. The coarse mesh is ob-
tained from the � ne mesh by removing every other grid point in
each coordinate direction, whereas the medium grid is constructed
with a grid size that is an average of the coarse and � ne meshes.
The boundaries and regions of grid clustering are preserved for all
three grids, and all solutions are obtained on the identical grid to
eliminate any numerical differencesassociated with the grid.

Boundary Conditions
The two side boundaries (Ȳ =§5) (see Fig. 1) and the lower

boundary are modeled as an inviscid wall because it was assumed
that the in� uenceof the boundarylayer on the mixing characteristics
would be negligible. A � rst-order extrapolation is applied at the
top boundary, whereas at the out� ow plane (X̄ =30), a second-
order extrapolation is implemented. To generate the oblique shock
over the two-dimensional wedge, the entire in� ow plane (X̄ =0)
is prescribed at the freestream conditions of air. To simulate the
injection of the helium jet, however, part of the in� ow plane is
imposed with the jet properties, and the rest of the in� ow plane is
prescribed at the freestream conditions of air. In GASP 3.0, this
is implemented by prescribingthe q at each cell center of the in� ow
plane. For all cells where r > R j ,

q = [ q 1 0 V1 0 0 p 1 ]T (2)

whereas for all cells, where r < R j ,

q =

[0 q j,v Vx Vh sin h ¡ Vh cos h p j,v ]T

for a swirling jet

[0 q j V j 0 0 p j ]T for a nonswirling jet (3)

In Eq. (3), q j,v , Vx , Vh , and p j,v are the jet properties obtained from
the vortexmodel and r and h are the radiusand angle from the center
of the vortex to the center of a cell, respectively.

Vortex Model

The model provided by Délery21 is used to represent the distri-
bution of tangential velocity Vh for the helium jet with swirl. This
distribution is qualitatively similar to the classic Burger’s vortex
pro� le in which a linear velocity distribution exists within the core
of the vortex with an exponential decay toward the outer edges of
the vortex. Vh is expressed as

Vh (r) = C 0 / r 1 ¡ exp ¡ 1.256 (r /rc)
2 (4)

A mapping from (r, h ) to (y, z) is used to obtain the v and w com-
ponents of velocity from Vh . The pressure through the swirling jet
is calculated from the radial momentum equation,

dp j,v

dr
=

q j,v V 2
h

r
(5)
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assuming the radial velocity is zero. Here, q j,v is obtained from the
equationof state and assumingthat the total temperatureis constant.
Note that experimental work8,10 has shown that there is indeed a
decrease in total temperature through the vortex, albeit quite small.

Experimentswith vorticesgeneratedby � ow over wing tips11 and
swirl vanes10 haveshown that therealsoexists a de� cit in streamwise
velocity Vx across the vortex, with a minimum velocity at the center
of the vortex. This de� cit in velocity may be a result of the low
energy in the boundary layers near the surfaces of the wing or the
swirl vanes. In the present work, an axial velocity de� cit has also
been included using the following function provided by Délery21:

Vx (r) = V j + V j ( U ¡ 1)e ¡ (r / b)2
(6)

U = Vx ,axis / V j (7)

In Eq. (6), U = 0.9 has been chosen to match M j,axis reported in
the experimental work by Naughton et al.,7 and b =rc is assumed.
Previous work has shown that this axial de� cit has a strong impact
on the shock/vortex interactions (SVI).12

Results
The effects of swirl and jet-to-freestream pressure ratio on the

mixing performance of a swirling helium jet, injected parallel to
a supersonic airstream, interacting with an oblique shock are in-
vestigated. The effects of swirl are investigated by considering the
mixing performance of a jet with no swirl and varying amounts of
swirl. The effects of jet-to-freestreampressure ratio is analyzed by
investigating pressure ratios of 1.0, 0.5, and 2.0. In addition, the
effects of grid resolution on the solution is discussed.

Grid Resolution Study

The effectsof grid resolutionare studiedusing the threegrids tab-
ulated in Table 3 for the case involving the strongest vortex, case 4.
The variationin the solutiondue to gridsize isexaminedbyconsider-
ing the distributionof helium mass fraction in two cross� ow planes,
X̄ =15 and 30. Figures 2 and 3 show the spanwise distribution of
helium mass fraction at Z̄ =2.2 and 8.1, respectively. The two X̄
planes chosen here are downstreamof the helium jet/shock interac-
tion. Downstream of the interaction, the helium jet is split into two
counter-rotating vortices, and the two peaks in helium mass frac-
tion, shown in Figs. 2 and 3, correspond to the high concentrations
of helium in the two vortices. It can be seen that the cHe distribution
on the medium grid closely follows that of the � ne grid, except that
the peak in cHe is underpredicted by about 15%. The coarse grid,
on the other hand, consistently predicts much lower values than ei-
ther the medium or � ne grids.More detailedcomparisonshave been

Fig. 2 Variation of helium mass fraction along ÅZ = 2.2 in the ÅX = 15
plane.

Fig. 3 Variation of helium mass fraction along ÅZ = 8.1 in the ÅX = 30
plane.

Fig. 4 Helium mass fractions at ÅX = 0, 4, 8, 10, 11, 12, 14, 16, 18, 20,
22, 24, 26, 28, and 30 for case 1.

performed20,22 and those results also con� rm that the solutionon the
medium grid is in close agreement to that on the � ne grid, whereas
the coarse grid is inadequateat capturing the essentialdetails of the
� ow� eld.

Nonswirling Jet

Case 1 involves a fuel jet with no swirl is selected as the baseline
case in this work, and the general characteristics of the � ow� eld
are summarized. Figure 4 presents a contour plot of helium mass
fractions at several streamwise stations. As the jet convects down-
stream of the injection, the jet grows slightly as evidenced by an
expansion of the outer edges of the jet. However, as will be shown
later, the peak values of cHe do not decrease below one for 16R j .
As the circular jet passes through the shock, it is compressed by the
shock and assumes an elongated, elliptical shape. Furthermore, on
interaction with the shock, baroclinic vorticity is generated at all of
the points in the jet where the density and pressure gradients are
misaligned. The baroclinic vorticity quickly coalesces to form two
counter-rotating vortices of equal strength. Looking downstream
from the in� ow plane, the vortex on the negative Y axis rotates
clockwise,while the vortex on the positive side of the Y axis rotates
counter-clockwise.The fuel jet pair downstream of the interaction
is highly symmetric, and the circulation in each plane is zero. The
symmetry that is achieved is due to the uniform region within the
initial jet. The helium jet de� ects upward at roughly the same angle
as the rest of the � ow downstream of the shock.
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Fig. 5 Helium mass fractions at ÅX = 0, 4, 8, 10, 11, 12, 14, 16, 18, 20,
22, 24, 26, 28, and 30 for case 4.

Swirling Jet

Referring to Table 1, this section presents the general character-
istics of the � ow� eld associated with case 4 and, because cases 2
and 3 are qualitatively very similar to this � ow� eld, only the mix-
ing performance of those cases will be addressed. A contour plot
of helium mass fraction at various axial stations is shown in Fig. 5.
As in the nonswirlingcase, there is a slight expansionof the helium
jet, indicating that there is some mixing at the interface of the jet
and air due to the shearing between the two � uids. As the jet passes
through the shock, it is compressed, taking on a highly irregular
shape with most of the compression occurring on the right side of
the jet (looking downstream from the plane of injection). The ensu-
ing jet structureis asymmetrical,which is caused by the nonuniform
region in the jet that strikes the shock wave at different angles.

As the jet passes through the shock, it is split apart into two
counter-rotating vortices. The vortex on the positive side of the Y
axis that rotates counterclockwiseis much stronger than that on the
right. As the vortex on the left rotates, it creates a small tail that gets
increasingly stretched out as the vortex convects downstream. The
imbalance in the strength of the two vortices causes the jet pair to
separate from each other startingat X̄ =20. By X̄ = 22 the two have
completely split apart, which is in sharp contrast to the nonswirling
case. The complete breakup of the jets results in greater fuel/air
interfacial area that in turn should lead to more rapid mixing and
combustion.

Mixing Performance

Several parameters have been used to judge the mixing perfor-
mance of each of the cases. The parameters cast the performancein
terms of the degree of mixing enhancement and the total losses by
considering the total entropy increase and the increase in entropy
due solely to mixing. The mixing enhancement is evaluated by ex-
amining the decay of maximum helium mass fraction, the fraction
of injector area occupiedby the helium jet at cHe ¸ 0.95, the fraction
of total helium mass � ux present at various concentrations,and an
integral measure of vorticity change, termed enstrophy.

Decay of Maximum Helium Mass Fraction

One measure of the mixing performance is provided by the de-
cay of maximum helium mass fraction, calculated by selecting the
maximum value of helium mass fraction contained in each Y – Z
plane and plotting that against distance downstream of the in� ow
plane. Figure 6 shows the effect of swirl on the decay of maxi-
mum helium mass fraction. For all four cases cHe,max remained at
unity even after the interaction with the oblique shock. However,
cHe,max for the swirling jets begins to decreasenear X̄ =13, whereas
for the nonswirling jet the decrease only begins near X̄ =17. The
cHe,max for the nonswirling jet decays at a more rapid rate, and by

Fig. 6 Effect of swirl on decay of maximum helium mass fraction.

Fig. 7 Area occupied by helium jet at cHe ¸ 0.95.

X̄ =28 has lower values of cHe,max than for the case with the highest
swirl. It appears that the cHe,max for the nonswirling jet is leveling
off, whereas that for the swirling jet continues to decrease. Cases 2
and 3 have approximatelythe same values of swirl, and as such, the
characteristics of cHe,max decay are similar, with case 2 performing
slightly better than case 3.

Area Occupied by Helium

Simply calculating the total area occupied by the helium jet can
be a misleading parameter because there is no information on the
concentration levels of the fuel in that area. In other words, even
though the total jet area increases, if a large fraction of that area
contains fuel at cHe ¼ 1, combustion will be small. Therefore, it is
important, from a combustion point of view, to have fuel at mass
fractions that are at or close to stoichiometric values. In this work,
the area occupied by the helium jet with mass fractionsgreater than
0.95 is used, normalized by the area of the original jet A j .

The area occupied by the helium jet at cHe ¸ 0.95 provides infor-
mation on the rate at which helium is being convected and mixed
downstreamof the injectionplane, and the effect of swirl on this pa-
rameter is shown in Fig. 7. The decrease in area is much more rapid
for case 4 than the other three cases. After the jet interacts with the
shock,there is a precipitousdrop in area indicatingthat the shockhas
a signi� cant effect on the mixing performance. It can be seen from
Fig. 7 that the point at which there exists no pure helium is reached
by X̄ =18 for the jet with the highest swirl, whereas the nonswirling
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jet reaches this point by X̄ =22.5. This indicates that for the non-
swirling jet there exists helium at cHe ¸ 0.95 for a longer distance
downstream of the injection plane than for the swirling jet cases.

Enstrophy: Change in Vorticity

In the present problem, three phenomena can contribute to the
overall change in vorticity: generation due to baroclinic vorticity,
the redistributiondue to compression,and the generationof vorticity
due to a curved shock. Recall that, in the caseswith swirl, the vortex
induces a curvature in the shock near the region of the interaction.
Enstrophy is an integral measure of the change in vorticity and is
expressed as

E = ¯x 2
x d Ā (8)

where the vorticity x and area A are nondimensionalizedby V1 / R j

and A j , respectively.

Fig. 8 Effect of swirl on the variation of enstrophy in the streamwise
direction.

Fig. 9 Mixing measure for case 4, maximum swirl.

The enstrophyparameter is calculated at each axial station using
Eq. (7), and its variation in the streamwise direction is shown in
Fig. 8. As expected, the enstrophy for the no-swirl jet is zero until
the interactionwith the shock. At this point, the enstrophy increases
because of the generation of baroclinic vorticity and remains fairly
constant thereafter. The cases involving swirl, however, start with
some initial value of enstrophy that decreases slightly until the jet
interacts with the shock. The decrease is due to the viscous dissipa-
tion of the vortex. When the jet interacts with the shock, there is a
large increase in enstrophy.The reason for the larger enstrophyrise,
in comparison to the nonswirl case, is due to the additional vorticity
created by the curved shock, as well as a signi� cant redistribution
of vorticity.

Although the decrease in enstrophy for the swirling jets is more
rapid, the level of enstrophy is consistently higher than for the non-
swirling jet. The large rise in enstrophy for the swirling jet should
contributesigni� cantly to the rapidmixing in the near � eld, whereas
the sharp decrease in enstrophy probably results in the decreased
mixing rate much farther downstream of the shock.

Mixedness Measure

A mixing measure that determines the fraction of total helium
mass � ux present at various concentrations at each axial station,
ÇmHe / ÇmHe-total vs cHe vs X̄ , is used in this study to evaluate the mix-
ing performance of each of the cases.15 This measure reveals the
amount of helium (fraction of total injected helium mass � ux) that
is present at various concentrations (mass fraction) as a function
of distance from the injection plane. At each axial plane, varying
amounts of helium will exist at various mass fractions. For exam-
ple, at the injection plane, all of the injected helium exists in its
pure state, that is, cHe = 1, whereas for a well-mixed case, there
should be larger amounts of helium at lower concentrations at the
exit plane. Note that at each axial plane, the integrated amount of
helium at all concentrations is equal to the total helium injected.
As discussed before, to achieve high levels of combustion,more of
the fuel must be present at lower mass fractions (·0.05) as the jet
travels downstream.

This mixing measure is displayed as a three-dimensionalsurface
plot in Fig. 9 for case 4, the maximum swirl jet. From Fig. 9, it can
be seen that at the in� ow plane, all of the helium mass � ux occurs
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at cHe ¸ 0.95, and downstreamof the injectionplane, progressively
larger fractionsof the injectedhelium mass � ux appears at the lower
mass fractions. For the nonswirling jet, only 8% of the total helium
mass � ux exists at cHe ·0.05, whereas for the jet with maximum
swirl, the fractionof mass � ux at that concentrationis 16%. A large
fraction of the helium mass � ux exists in the range of cHe =0.4–0.6
for the nonswirling jet. The fraction of helium mass � ux existing
at cHe ·0.05 is shown in Fig. 10 for all of the cases. From Fig. 10,
it can also be seen that the addition of swirl not only increases the
fraction of helium mass � ux present at cHe ·0.05, but also results
in a more rapid rate of increase.

Entropy Rise

In addition to evaluating the performance of the various cases
based on mixing effectiveness, it is also important to assess the
losses that are incurred. The losses that accompany all mixing en-
hancementschemesfall into threebasiccategories:lossesthatdo not
augmentmixing, losses due to phenomenathat enhancemixing, and
the thermodynamic losses directly associated with mixing losses.
The increase in entropy due to mixing is inevitable, and because it
occurs strictly due to mixing, represents an unavoidable tradeoff,
though there must be a compromise between the losses generated
and how much mixing enhancement is provided. All other losses
should be minimized, to maximize the overall ef� ciency.

In the present work, the total entropy rise and the entropy rise
associated with mixing are calculated for each of the cases. The
change in entropy,referenced to that at the injection plane, is shown
in Fig. 11. Up to X̄ =12, the increasein entropyfor all of the cases is

Fig. 10 Fraction of helium mass � ux at cHe · 0.05.

Fig. 11 Change in total entropy and entropy due to mixing.

nearly the same; however, downstreamof this point, the swirling jet
experiencesslightlyhigherlevelsof entropythan thenonswirlingjet.
The change in entropydue to mixing is also approximatelythe same
for all cases until X̄ =12. Downstreamof this point, the entropyrise
is greater for the swirling jet than for the nonswirling jet. This trend
also indicates that the addition of swirl increases mixing. Note that
approximatelyone-third of the total entropy rise is due solely to the
mixing of the two gases. The contributionof entropy rise due to the
boundary layers has not been considered.

Effects of Jet-to-Freestream Pressure Ratio

Contour plots of helium mass fraction in the Y – Z plane at X̄ =0,
10, 20, and 30 are shown in Figs. 12 and 13 for P̄ =0.5 and 2.0,
respectively.After passing through the shock, vorticity is deposited
along the swirling jet–air interface, and after some distance down-
stream of the shock, the jet splits apart into two counter-rotating
vortices. As a consequence of this, more air is entrained by the jet,
resulting in increased mixing.

The vortex on the positive side of the Y axis rotates counter-
clockwise, whereas that on the negative side rotates clockwise. As
the vortex on the left rotates, it creates a small tail that gets increas-
ingly stretched out as the vortex convects downstream. This is only
observed for the P̄ = 1.0 and 2.0 cases. Because of an imbalance in
the strength of the two vortices, these individual vortices separate
from each other. For the P̄ =0.5 case, the separation of the jet pair
occurs around X̄ ¼ 20, whereas at the same location, the jet pair in
the P̄ =2.0 case has not separated completely.

The vortex in the P̄ =2.0 case decreases in strengthas it convects
downstream. The decrease in the peak tangential velocity is caused
by the high-pressurejet expanding radially outward. The vortex for
the P̄ =0.5 case, on the other hand, maintains its strength. As a
result, the subsequent SVI is weaker for the P̄ =2.0 than for the
P̄ =0.5 case.

Mixing Performance

Decay of Maximum Helium Mass Fraction

Figure 14 shows the effect of the jet-to-freestream pressure ra-
tio on the decay of maximum helium mass fraction. Although the
helium jet intersects the shock at X̄ ¼ 8.5, cHe,max decreases below
unity only after X̄ ¼ 15. It appears that the formationof the counter-
rotatingjet pair enhancesthe diffusionof the injectant.Mass fraction
cHe,max decaysmore rapidlyfor the P̄ =0.5 case than for the P̄ = 2.0
case, and by the exit plane the former case results in a lower cHe,max

value than the latter one. At the exit plane (X̄ =30), cHe,max = 0.53,
0.58, and 0.68 for P̄ =0.5, 1.0, and 2.0, respectively.The splitting
of the fuel jet occursearlier for the P̄ = 0.5 case, allowing increased
diffusion of the helium jet. Waitz et al.15 observed that for P̄ = 0.4,
the decay of cHe,max was more rapid than for P̄ = 4.0.

Jet Plume Area

The area occupied by the helium jet at cHe ¸ 0.95 provides infor-
mation about the rate at which helium is being convectedand mixed
downstream of the injection plane. It also identi� es the point at
which there is no longer any pure helium in the � ow� eld. The effect
ofpressureratioonthisparameteris shownin Fig. 15.The initialarea
of the jet for the P̄ = 0.5 and the 2.0 is approximatelytwice and half
that of the baseline case, respectively. In other words, A / Aref ¼ 2
for the P̄ = 0.5 case, and A / Aref ¼ 0.5 for the P̄ = 2.0 case.
Although the rate of decrease in jet area for the P̄ = 0.5 case is
much more rapid than either the P̄ = 1.0 or 2.0 cases, the area
at which cHe ¸ 0.95 is consistently greater. This is expected be-
cause the initial jet area for the P̄ = 0.5 case is greater. For this
reason, Fig. 15 can be misleading in that it appears as though the
P̄ = 2.0 case performs better than either of the other two cases.
Nondimensionalizing the area by the initial jet area, that is, A / A j ,
is more informative.

Figure 16 shows the streamwise variation of A / A j for P̄ = 0.5,
1.0, and 2.0. Here, the jet area in which cHe ¸ 0.95 for the P̄ = 2.0
case actually increases for a short distance downstream of the
injection plane and then gradually decreases. The increase in jet
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Fig. 12 Contour plot of helium mass fraction at ÅX = 0, 10, 20, and 30 for ÅP = 0.5.

Fig. 13 Contour plot of helium mass fraction at ÅX = 0, 10, 20, and 30 for ÅP = 2.0.
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Fig. 14 Effect of jet-to-freestream pressure ratio on the decay of max-
imum helium mass fraction.

Fig. 15 Nondimensional area of helium jet at cHe ¸ 0.95 for ÅP = 0.5,
1.0, and 2.0.

Fig. 16 Nondimensional area of helium jet at cHe ¸ 0.95 for ÅP = 0.5,
1.0, and 2.0.

Fig. 17 Fraction of helium mass � ux at cHe · 0.05 for ÅP = 0.5, 1.0, and
2.0.

Fig. 18 Variation of total entropy and entropy due to mixing for ÅP =
0.5, 1.0, and 2.0.

area is expected because the high-pressure jet tends to expand ra-
dially outward. For the P̄ = 1.0 and 0.5 cases, the area decreases
steadilyuntil there is no pure helium in the system by X̄ ¼ 20. Note
that the point at which pure helium ceases to exist is roughly the
same regardless of the jet pressure.

Mixedness Measure

At the in� ow plane, all of the helium mass � ux occurs at cHe ¸
0.95, and downstream of the injection plane, progressively larger
fractions of the injected helium mass � ux are present at lower mass
fractions. At the exit plane, the fraction of injected helium that is
present at cHe · 0.05 is 16, 12, and 8% for P̄ = 0.5, 1.0, and 2.0,
respectively. The effect of jet pressure on the mass � ux is shown
in Fig. 17. Although the injected helium mass � ow is the same
for all three cases (see Table 2), the P̄ = 0.5 case results in better
mixing than the P̄ = 1.0 and the 2.0 cases. The reason is that the
vortex strength for the P̄ = 2.0 case decreases considerablybefore
interacting with the shock, thus reducing the mixing enhancement.
Essentially, the weaker the vortex, the weaker the interaction is, for
a given shock strength.

Entropy Rise

The mass averaged entropy and the entropy due to mixing are
shown in Fig. 18. The P̄ = 0.5 case results in more mixing as ev-
idenced by larger values of smix. Furthermore, up to X̄ ¼ 12, the
total entropy rise is approximately the same regardless of the jet
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pressure. Downstream of this point, however, the total entropy for
the P̄ = 2.0 case is higher thanfor either the P̄ = 1.0 or 0.5case.On
a loss basis, the lower pressure jet results in more ef� cient mixing,
a conclusion that was also reported by Waitz et al.15

Conclusions
This computational study has suggested that the decay of maxi-

mum helium mass fraction is more rapid for the swirling jet in the
near � eld. The reason for this seems to be because there is higher
vorticity distribution downstream of the shock for the swirling jets.
It is found that the increase in entrophy for the nonswirling jet was
small. It is observedthat the point at which pure helium ceases to ex-
ist occurs farther upstream with the addition of swirl. Furthermore,
the fraction of total helium mass � ux that is present at cHe · 0.05
increasesfrom8 to 16% with the additionof swirl. Evaluationbased
on total entropy rise shows that there is only a small increase in en-
tropy due to swirl; however, the increase in entropy due to mixing
alone is found to be higher for the swirling jets.

It is observedthat, in the case of the underexpandedjet, the vortex
strengthof the jet decreasesconsiderablyas it convectsdownstream
and, hence, results in a weaker interaction. This occurs because
the high-pressure jet tends to expand in the radial direction, and,
consequently, the tangential velocity decreases through the vortex.
On the other hand, the vortex for the overexpanded case retains
its original strength and, thus, results in a stronger interaction as it
passes through the shock. As a result of this study, it is believed
that mixing performanceis greatly increasedfor lower pressure and
momentum jets. Unfortunately the lower momentum jets have two
drawbacks:

1) For a given mass � ux of fuel, the injector size is larger, leading
to increased blockage and increased drag.

2) The thrust provided by the fuel momentum is reduced.
Although it has been shown that the interaction of a swirling jet

with an oblique shock can provide increased mixing, it is not clear
whether enhancedcombustioncan alsobe realizedwith thismethod.
To evaluate whether the combustion ef� ciencies are higher with the
additionof swirl, a swirling hydrogen jet interactingwith an oblique
shockmust be studiedby taking into account the chemicalreactions.
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